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Based on the already existing analytical theory of the strongly-nonlinear wakefield (which is called “bubble”)
in transversely inhomogeneous plasmas, we study particular behavior of non-loaded (empty) bubbles and
bubbles with accelerated bunches. We obtain an analytical expression for the shape of a non-loaded bubble
in a general case and verify it with particle-in-cell (PIC) simulations. We derive a method of calculation of
the acceleration efficiency for arbitrary accelerated bunches. The influence of flat-top electron bunches on the
shape of a bubble is studied. It is also shown that it is possible to achieve acceleration in a homogeneous
longitudinal electric field by the adjustment of the longitudinal density profile of the accelerated electron
bunch. The predictions of the model are verified by 3D PIC simulations and are in a good agreement with
them.
I. INTRODUCTION
Lately a lot of attention has been given to plasma ac-
celeration methods1,2 in which a driver (an intense laser
pulse3 or a bunch of charged particles4) is used to ex-
cite a plasma wakefield whose large longitudinal field
is used for acceleration. Such methods provide accel-
eration rates orders of magnitude higher than conven-
tional methods. So far electron bunches with the energy
up to 4.2GeV at the acceleration distance of 9 cm have
been observed in experiments for laser-wakefield acceler-
ation (LWFA)5, while for plasma-wakefield acceleration
(PWFA) the possibility of energy doubling from 42GeV
to 85GeV at a distance of approximately one meter has
been demonstrated6.
One of the most promising regimes of plasma acceler-
ation is the so-called “bubble” or “blow-out” regime in
which electrons behind the driver are almost completely
expelled and a spherical plasma cavity free of electrons
is formed7. On its border a thin electron sheath con-
sisting of the expelled electrons is created. The cavity
itself travels with a near-luminous velocity through the
plasma. The longitudinal electric field in it is uniform
in the transversal direction, while the focusing force act-
ing on the accelerated electrons is linear in radius and
uniform along the cavity8. In the current paper this cav-
ity will be referred to as a “bubble”. In spite of the fact
that this regime provides large acceleration gradients,
obtaining electron bunches with low emittance, low en-
ergy spread, and high stability is a challenging task9.
Such properties of electron bunches are important for
applications, for example for their use in free electron
lasers10. Numerous methods dedicated to the improve-
ment of the bunch quality have been proposed including
self-guiding of the laser pulse11, guiding of the pulse in
a preformed parabolic channel5,12, different types of con-
trolled injection13–16, etc. One of such ways is the use of
plasmas with deep (hollow) channels, which is commonly
proposed for different types of plasma accelerators17–20.
The lack of the ion column at the axis for such kind
of channels significantly reduces the focusing force act-
ing on the accelerated electrons, while, for the case of
LWFA, the parameters of the channel also provide addi-
tional freedom for balancing between the laser depletion
and dephasing lengths. For instance, the possibility of ob-
taining electron bunches with the energy of 7.5GeV and
the energy spread of only 0.3% in the bubble regime in a
plasma with a deep channel has been shown in numerical
simulations21.
Due to the complexity of the strongly nonlinear “bub-
ble” regime of the plasma wakefield it is commonly stud-
ied using 3D particle-in-cell (PIC) simulations22. How-
ever, its theoretical description is also of considerable in-
terest. Despite the nonlinear nature of the strongly non-
linear wakefield, various approaches have led to the cre-
ation of phenomenological models of the bubble8,23, as
well as the development of a similarity theory24 and an
analytical model describing the border of a bubble in ho-
mogeneous plasmas25. Generalization of this theory to
the case of plasmas with arbitrary radial inhomogeneity
has recently been made in Thomas et al. 26 . A subse-
quent generalization to arbitrary spatial distribution of
electrons inside the sheath at the bubble’s border has
shown that the choice of this profile has little effect on
the shape of the cavity27.
The current paper uses the generalized theory to ana-
lytically study the blow-out regime for the case of plas-
mas with channels and to analyze beam loading for this
case. The results are obtained for arbitrary plasma pro-
files. Certain examples of density profiles, namely power-
law ones and plasmas with deep channels, are used for
illustrative purposes. Power-law profiles are notable as
many results for them can be obtained analytically, while
plasmas with deep (vacuum) channels are of interest be-
cause, as previously mentioned, the transversal focus-
ing force in them is almost completely suppressed21. In
section II we briefly describe the model introduced in
Thomas et al. 26 and simplify the equation for the bound-
ary of the bubble derived in that paper to make further
analysis easier. In section III we obtain the shape of a
non-loaded bubble (i.e. a bubble without accelerated par-
ticles) for an arbitrary plasma profile. This solution is
necessary for the further analysis of loaded bubbles. The
obtained shapes for the case of a plasma with a vacuum
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2channel are compared to the results of 3D PIC simula-
tions. Section IV is dedicated to the efficiency of the en-
ergy transfer from the electromagnetic fields in the bub-
ble to accelerated bunches. We propose the definition of
the efficiency and a method of its calculation for arbi-
trary plasma profiles and arbitrary accelerated electron
bunches. Section V then discusses the case of a flat-top
accelerated bunch. A threshold value of a charge den-
sity for which the efficiency reaches its maximum is cal-
culated. Finally, section VI focuses on the possibility of
creating a homogeneous accelerating field by adjusting
the profile of a witness electron bunch. Such bunch pro-
files are found for arbitrary plasma density profiles. The
analytical results are also compared to the results of 3D
PIC simulations.
II. GENERAL EQUATIONS
In our model we assume that we have boundless plasma
in which a laser pulse or an electron driver propagates
along the axis z and excites a plasma wakefield in the
bubble or blow-out regime. The plasma is non-uniform
in the plane perpendicular to the axis z with the elec-
tron density n0(r) depending only on the distance r from
the axis. Axial symmetry is assumed. For simplicity we
use dimensionless units in which all charges are normal-
ized to e, densities to np, time to ω−1p , coordinates to
k−1p = c/ωp, momenta and energies to mc and mc2 re-
spectively, and electric and magnetic fields to mcωp/e.
Here e > 0 is the elementary charge, m is the electron
mass, c is the speed of light in vacuum, np is a typical
plasma density (for example, for the case of a plasma
with a hollow channel it may be the density outside the
channel), ωp = (4pienp/m)1/2 is a typical electron plasma
frequency.
In analytical theories of the strongly-nonlinear regime
a bubble is commonly described as a cavity completely
free of electrons and surrounded by a thin electron
sheath. In this case the plasma outside the sheath is
considered non-perturbed. For example, such approach
is used in Lu et al. 25 , where it has been shown that the
bubble boundary (the inner border of the bubble sheath)
can be described with a second-order ordinary differ-
ential equation (ODE). As shown in Thomas et al. 26 ,
the bubble boundary rb(ξ) for the case of radially-
inhomogeneous plasma can be described with a similar
equation
A(rb)
d2rb
dξ2
+B(rb)
(
drb
dξ
)2
+ C(rb) =
λ(ξ)
rb
(1)
where ξ = t − z is the coordinate comoving with the
bubble. This equation is derived under the quasistatic
approximation, thus all dependencies on time t and the
longitudinal coordinate z are replaced with dependencies
on their combination ξ. Under certain conditions—which
are discussed below—the coefficients of Eq. (1) are
A = Si(rb)2 , B =
ρi(rb)rb
2 , C =
Si(rb)
2rb
. (2)
These coefficients depend on the radial ion charge density
profile ρi(r) via the function
Si(r) =
∫ r
0
ρi(r′)r′dr′. (3)
As opposed to a similar function with the opposite sign
introduced in Thomas et al. 26 , the function Si(r) is al-
ways positive, as ρi > 0. The function λ(ξ) in the right-
hand side of Eq. (1) is determined by electron bunches
inside the bubble:
λ(ξ) = −
∫ rb
0
Jz(ξ, r′)r′dr′. (4)
Here Jz(ξ, r) is the longitudinal current density created
by electron bunches. As typical velocities of accelerated
and driving bunches are close to the speed of light c,
this current density in the dimensionless units is ap-
proximately equal to the electron bunch charge density:
Jz(ξ, r) ≈ ρe(ξ, r). Because ρe < 0, the function λ(ξ) is
always positive for electron bunches which are considered
in this paper. However, for positron or proton bunches
the sign is the opposite.
If the coefficients A, B, and C are given by Eq. (2),
the longitudinal electric field in the bubble is determined
by its boundary rb(ξ) according to
Ez(ξ) =
Si(rb)
rb
drb
dξ
. (5)
This electric field is accelerating for electrons situated in
the rear part of the bubble (drb/dξ < 0) and is deceler-
ating in its front part where the driver is located. It is
also important that the longitudinal electric field retains
the property of being uniform in the transverse direction
even for plasmas with channels.
As already mentioned above, the simple expressions for
the coefficients (2) and for the longitudinal field (5) are
not universal and are valid only if the electron sheath is
thin and the bubble is large enough. To be more precise,
the conditions ∆  rb and ∆  2rb/Si(rb) should be
fulfilled27. Here ∆ is the thickness of the electron sheath
surrounding the bubble. It is assumed to be independent
of the longitudinal coordinate in our model. Therefore,
Eqs. (2), (5) are not valid in the areas where the bubble
local radius rb is small, i.e. at the front and rear edges
of the bubble. Hence, these equations cannot be used to
describe the process of the bubble excitation by an elec-
tron bunch. However, this process will be out of scope of
this paper because the evolution of the bubble boundary
behind the driver does not depend on it. This allows us
not to consider the properties of the driver at all. This
fact also implies that the part of the bubble behind a
laser driver is correctly described by Eq. (1) despite it
containing no laser-related terms.
3So, we assume that we have an arbitrary driver which
excites a bubble with a maximum transverse size Rb. For
convenience we also assume that the maximum is reached
at ξ = 0, so the initial conditions of Eq. (1) are
rb(ξ = 0) = Rb,
drb
dξ
∣∣∣∣
ξ=0
= 0. (6)
We also assume that the driver is fully located in the
front part of the bubble (ξ < 0). Therefore, in the rear
part of the bubble (ξ > 0) the term λ(ξ) is determined
solely by witness electron bunches.
In its rear part the bubble collapses to the axis r = 0
due to the Coulomb attraction of the plasma ion column.
Hence, we will assume that rb(ξ) is monotonous for ξ > 0.
This monotonicity might be broken if the source λ(ξ) in
the right-hand side of Eq. (1) is sufficiently large, i.e.
when an accelerated electron bunch has a charge large
enough to prevent the collapse of the bubble. If rb(ξ) is
monotonous, its inverse function ξb(r) exists. Therefore,
we can use r as a new variable and obtain an equation
for Y (r) = r′b(ξb(r)) from Eq. (1):
Si(r)rY
dY
dr
+ dSi(r)
dr
rY 2 + Si(r) = 2Λ(r), (7)
where Λ(r) = λ(ξb(r)). Multiplying this equation by Si
and dividing it by r we get a total derivative in the left-
hand side of the equation:
d
dr
(
S2i Y
2) = 2Si
r
(2Λ− Si). (8)
Integrating this equation with the initial conditions (6)
and returning to the function rb(ξ), we obtain the equa-
tion
drb(ξ)
dξ
= − 1
Si(rb)
√
2Fi(rb, Rb)−
∫ Rb
rb
4SiΛ
r′
dr′, (9)
Fi(r1, r2) =
∫ r2
r1
S2i (r′)
r′
dr′. (10)
The negative sign before the square root is chosen based
on the fact that drb/dξ < 0 in the rear part of the bubble.
As the function Si(r), according to its definition (3), is
at least quadratic in the neighborhood of r = 0, dividing
it by r in Eq. (9) does not lead to any singularities. The
longitudinal electric field, according to Eq. (5), is
Ez(ξ) = − 1
rb
√
2Fi(rb, Rb)−
∫ Rb
rb
4SiΛ
r′
dr′. (11)
A similar approach to the derivation of the first-oder
equation has been used in Tzoufras et al. 28 for homo-
geneous plasmas.
In the most general case Eq. (9) is not an ODE because
the function Λ(r) depends on its solution and therefore
is also unknown. However, in several special cases this
equation can be drastically simplified and solved analyt-
ically. These cases are discussed next.
III. NON-LOADED BUBBLE
Let us consider a non-loaded bubble, i.e. a bubble with-
out accelerated electron bunches. In this case λ(ξ) = 0,
and Eq. (9) can easily be integrated leading to the bubble
boundary defined by
ξb(r) =
∫ Rb
r
Si(r′)dr′√
2Fi(r′, Rb)
. (12)
This equation can be used to find the length of the rear
part of the bubble by assuming r = 0. For specific plasma
profiles the boundary of the bubble can be described by
special functions. In particular, it is done in Tzoufras
et al. 28 for homogeneous plasmas and in Thomas et al. 26
for plasmas with power-law channels (i.e. channels with
the power-law plasma density profile).
According to Eq. (11), the longitudinal electric field in
a non-loaded bubble is
Ez(ξ) = − 1
rb(ξ)
√
2Fi(rb, Rb). (13)
Due to the fact that the function rb(ξ) is monotonous,
Ez(ξ) also has to be monotonous. Therefore, it is impos-
sible to find a plasma profile for which the longitudinal
field in a non-loaded bubble is homogeneous (i.e. does
not depend on ξ).
From general formulas (12) and (13) it is also possible
to find the longitudinal field in the central part of the
bubble, i.e. near ξ = 0. The boundary in the neighbor-
hood of ξ = 0 is
rb(ξ) ≈ Rb − ξ
2
2Rb
, (14)
which corresponds to a sphere of a radius Rb. The longi-
tudinal field is zero at ξ = 0, therefore near the center of
the bubble it can be approximated with a linear function
Ez ≈ −ξ Si(Rb)
R2b
. (15)
If we consider a channel in plasma, so that ρi(r) ≤ 1,
the function Si is limited (Si(r) ≤ r2/2) and therefore
|Ez| ≤ ξ/2. So, the gradient of the electric field in the
center of a bubble in a plasma channel is limited by the
value 1/2 which is reached for the case of homogeneous
plasma.
The influence of power-law channels on the shape of the
bubble has been already discussed in Thomas et al. 26 . It
has been shown that the increase of the channel width
and depth leads to the contraction of the bubble. Here
we check if similar behavior is observed for the case of
plasma with a vacuum channel for which the ion density
is modeled as ρi = θ(rc − r), where rc is the radius of
the channel and θ(x) is the Heaviside step function. For
this profile the function Si(r) defined by (3) as well as
all the integrals including this function can be analyti-
cally calculated. Therefore, ξb(r) determined by Eq. (12)
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FIG. 1. Electron density distributions (a–c) and corresponding longitudinal electric field profiles on the axis of the bubbles
(d–f) as observed in PIC simulations for different channel radii rc = 0, 0.4pi, and 0.8pi, respectively. Analytical solutions for the
bubbles’ boundaries and the fields in them calculated using Eqs. (12) and (13), respectively, are shown with the dashed lines.
The dotted lines in (b, c, e, f) also show the solution for rc = 0 for comparison. All lengths are normalized to λp = 5 µm.
is calculated using a single integral instead of a double
integral.
The resulting boundaries of non-loaded bubbles for dif-
ferent values of rc and the corresponding longitudinal
fields are shown in Fig. 1 in comparison to the results
of PIC simulations carried out using the code Quill.
In these simulations we used plasma with a density out-
side the channel np = 4.5× 1019 cm−3 corresponding to
a plasma wavelength of λp = 5 µm. In all three cases
an electron bunch with a total charge of 3.2 nC, particle
energy of 1GeV, and typical longitudinal and transverse
sizes of 6 µm and 4 µm, respectively, was used as a driver.
From Fig. 1 it is obvious that the length of the bubble and
the gradient of the field in it decreases with the increase
of a channel radius. The figure also shows good corre-
spondence between the results of the simulations and the
predictions of the model both for the bubble boundaries
and the longitudinal electric fields in them.
IV. ACCELERATION EFFICIENCY
As we have found the solution for a non-loaded bub-
ble, we may now consider a bubble with an accelerated
electron bunch. One of the key points of efficient accel-
eration is the usage of the largest possible percentage of
the energy pumped into the bubble by its driver. Hence,
the aim of this section is to describe the efficiency of the
energy transfer from the bubble to the accelerated bunch.
Let us assume that a cylindrically symmetric electron
bunch with an arbitrary profile λ(ξ) is placed inside a
bubble of the size Rb, and that its front and trailing
edges have the coordinates ξinj and ξtr, respectively. The
boundary of this bubble is described with the function
rb(ξ). Let us assume that the bubble boundary reaches
zero at ξmax > ξtr, i.e. the whole electron bunch is sit-
uated inside the bubble. In this case the points ξinj and
ξtr correspond to certain transverse sizes of the bubble
rinj,tr = rb(ξinj,tr). Consequently, Eq. (9) for the bubble
shape for rb < rtr becomes
drb(ξ)
dξ
= − 1
Si
√
2Fi(rb, Rb)−
∫ rinj
rtr
4SiΛ
r′
dr′. (16)
One may notice that this equation corresponds to the
equation for a non-loaded bubble with a different maxi-
mum radius R′b determined by
Fi(0, R′b) = Fi(0, Rb)−
∫ rinj
rtr
2Si(r′)Λ(r′)
r′
dr′. (17)
As R′b has to be positive (otherwise the radicand would
always be negative), we obtain limitations on Λ(r):∫ rinj
rtr
2Si(r′)Λ(r′)
r′
dr′ ≤ Fi(0, Rb). (18)
5The case when this inequality does not hold corresponds
to electron bunches in which electrons in the trailing edge
of the bunch are decelerated instead of being accelerated
(an example is given in Sec. V). We will not consider this
case here and will assume that all electrons in the bunch
are accelerated. Then we can introduce a parameter char-
acterizing the efficiency of the energy transfer from the
bubble to the bunch:
η = 1
Fi(0, Rb)
∫ rinj
rtr
2Si(r′)Λ(r′)
r′
dr′. (19)
Due to Eq. (18) this parameter can take values from 0
to 1. In order to understand its physical meaning we can
make a transformation r′ = rb(ξ′) and, by using Eqs. (4)
and (5), obtain∫ rinj
rtr
2SiΛ
r′
dr′
= 2
∫ ξtr
ξinj
∫ re
0
Ez(ξ′)Jz(ξ′, r′)dr′dξ′ =
1
pi
P, (20)
where P is the total power consumed by the accelerated
electron bunch as a result of the accelerating force action.
Therefore, the introduced efficiency (19) measures the
ratio between the power consumed by the accelerated
bunch and the maximum possible power for the specified
bubble. Alternatively it may be written as
η = P
Pmax
= − 2
Fi(0, Rb)
∫ ξtr
ξinj
Ez(ξ′)λ(ξ′)dξ′. (21)
This expression makes it possible to calculate the accel-
eration efficiency for any electron bunch.
V. BUBBLE WITH A FLAT-TOP BUNCH
Let us consider a bubble with the simplest electron
bunch profile, i.e. an infinitely long flat-top electron
bunch, whose front edge has the longitudinal coordi-
nate ξinj. The source λ(ξ) for this type of the bunch is
λ(ξ) = λ0θ(ξ − ξinj), where θ(x) is the Heaviside step
function. For ξ < ξinj the source is zero, therefore the so-
lution (12) for a non-loaded bubble remains valid. From
this solution we can obtain the transversal size of the
bubble rinj = r(ξinj) for the coordinate corresponding to
the front edge of the bunch. Then the function Λ(r) in
Eq. (9) is Λ(r) = λ0θ(rinj − r), therefore for r < rinj this
equation becomes
drb
dξ
= − 1
Si
√
2Fi(rb, Rb)− λ0
∫ rinj
rb
4Si(r′)
r′
dr′. (22)
For any point rb there is a threshold value of λ0 for which
the radicand is zero at this point:
λˆth(rb) = Fi(rb, Rb)
(∫ rinj
rb
2Si(r′)
r′
dr′
)−1
. (23)
It can be shown that λˆth is a monotonically increasing
function of rb, therefore there is a global threshold value
λth defined by
λth = λˆth(0) = Fi(0, Rb)
(∫ rinj
0
2Si(r′)
r′
dr′
)−1
. (24)
If λ0 < λth, the derivative drb/dξ is always negative,
which means that rb(ξ) is a monotonous function and the
bubble boundary reaches the axis r = 0. If the value of
λ0 exceeds the threshold value, there is a certain point
r0 where the radicand and, consequently, drb/dξ reach
zero, which means that the charge density of the electron
bunch becomes sufficiently large to prevent the collapse
of the rear part of the bubble; instead, the bubble ex-
pands after reaching this point. Due to the fact that the
sign of the longitudinal electric field inside the bubble is
determined by the sign of drb/dξ, the field changes from
accelerating to decelerating beyond this point. Therefore,
it is sensible to place the trailing edge of a flat-top ac-
celerated bunch at the point where drb/dξ = 0 for this
bunch. As a result, the length of a flat-top bunch is lim-
ited either by the length of the resulting bubble (if the
charge density is less then the threshold value) or by the
point where the accelerating field reaches zero and would
change to decelerating if we made the bunch any longer.
Knowing these limitations on the flat-top bunch’s
length, we can calculate the efficiency which can be
reached with the use of a flat-top bunch. To do so we
use Eq. (19). If λ0 < λth, the bubble boundary reaches
r = 0, therefore rtr = 0 and the expression for the effi-
ciency is
η = λ0
Fi(0, Rb)
∫ rinj
0
2Si(r′)
r′
dr′ = λ0
λth
. (25)
This expression shows that the efficiency grows linearly
from 0 to 1 with the increase of λ0 until the charge density
reaches the threshold value.
For λ0 > λth there is a minimum value r0 of the bound-
ary’s radial coordinate, therefore we should set rtr = r0.
The value of r0 can be found from Eq. (22) using the fact
that drb/dξ = 0 for rb = r0. The resulting equation for
the efficiency is
η = Fi(r0, Rb)
Fi(0, Rb)
. (26)
With the increase of λ0 the value of r0 also increases and
therefore the efficiency decreases.
Thus, the efficiency of the energy transfer from the
bubble to the accelerated bunch reaches its maximal
value of 1 for a flat-top bunch with the threshold charge
density (i.e. λ0 = λth) for the specified injection point
ξinj. For charge densities larger or smaller than the
threshold value the efficiency drops below 1. If we use
a bunch shorter then optimal for the specified λ0 and
ξinj, then the efficiency becomes even less than the one
given by Eqs. (25), (26).
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FIG. 2. Dependencies of (a) the bubble boundaries rb and
(b) the longitudinal fields Ez on the longitudinal coordinate
ξ for different electron bunch charge densities λ0. The de-
pendencies are calculated numerically using Eqs. (1) and (5),
respectively. Lines 1–5 show the solutions for the densities λ0
from 0 to 2λth in 0.5λth increments. The plasma profile used
for calculations is parabolic (n = 2), the maximum radius of
the bubbles Rb = 10, the electron bunch injection coordinate
ξinj = 4.
Let us for example consider the case of a power-law
plasma profile ρi = (r/Rb)n. The normalization of den-
sity is chosen in the way that density is equal to 1 at the
point where the bubble reaches its maximum transverse
size. Typical boundaries of bubbles with flat-top electron
bunches and corresponding electric fields are shown in
Fig. 2. This picture shows that the presence of an ac-
celerated bunch leads to the elongation of the bubble
compared to the case of a non-loaded bubble (line 1 in
Fig. 2). The picture also confirms that there is a pre-
dicted threshold value λth (line 3) which separates bub-
bles which collapse to r = 0 from bubbles which continue
expanding.
The threshold value determined by Eq. (24) is
λth =
Rn+4b
4(n+ 2)rn+2inj
. (27)
This value grows with the increase of the injection coor-
dinate ξinj (larger ξinj corresponds to smaller rinj). There-
fore, the minimum threshold value is reached for ξinj = 0
(and thus rinj = Rb) and is equal to
λmin = minλth =
R2b
4(n+ 2) . (28)
This minimum value decreases with the increase of the
plasma profile exponent n. It is also proportional to the
square of the bubble size.
The efficiency for this kind of profile can be calculated
analytically from Eqs. (25) and (26) and is
η = λ0
λth
, λ0 < λth,
η = 1−X2, λ0 > λth,
(29)
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FIG. 3. Dependencies of the efficiency η on the charge density
λ0 calculated using Eq. (29) for different exponents n (n = 0,
2, 4 for the solid, dashed, and dotted lines, respectively) for
the injection point (a) ξinj = 2 and (b) ξinj = 4. The maximum
radius of the bubble Rb = 10.
where
X = λ02λmin
−
√(
λ0
2λmin
)2
− λ0
λth
+ 1. (30)
Typical dependencies given by Eq. (29) are shown in
Fig. 3 for different plasma profiles and different injec-
tion points. It is visible that the threshold value of the
charge density λth is lower for plasmas with deeper chan-
nels corresponding to larger values of n. One may also
notice that the efficiency drops more rapidly with the in-
crease of λ0 beyond the threshold for a smaller injection
point ξinj. It can be explained by the fact that for smaller
ξinj the transverse velocities of the electrons in the bubble
sheath at this point are smaller, and thus the electrons
in the sheath are more sensitive to the variations of the
charge density of the witness bunch.
VI. UNIFORM ACCELERATING FIELD BY THE
ADJUSTMENT OF THE BUNCH PROFILE
In order not to increase the energy spread of the elec-
trons in the accelerated bunch it is important to acceler-
ate them in a uniform longitudinal field Ez. This field is
always uniform in the transverse direction in the scope
of our model, therefore we are interested in reaching only
the longitudinal homogeneity. As shown in section III, it
is impossible to create a homogeneous longitudinal field
in a non-loaded bubble. However, the accelerated bunch’s
charge influences the shape of the bubble, which may
be used to achieve the uniform field. For homogeneous
plasma it is done in Tzoufras et al. 28 .
Let us assume that the front edge of the electron bunch
has the coordinate ξinj > 0 which is referred to as the in-
jection point. Then for 0 ≤ ξ ≤ ξinj there are no sources
in the right-hand side of Eq. (1) and the solution (12) for
a non-loaded bubble is valid, which gives us the transver-
sal size of the bubble rinj = r(ξinj) at the injection point.
The longitudinal field at this point can be found from
7Eq. (13) and is
Einj = −Ez(rinj) = 1
rinj
√
2Fi(rinj, Rb). (31)
The positive sign of Einj is chosen for convenience.
For ξ > ξinj we try to find such a profile λ(ξ) that the
longitudinal field remains constant at the level of −Einj.
Using Eq. (11) to find the required function Λ(rb) and
Eq. (5) to find the bubble boundary rb(ξ), we obtain
λ(ξ) = Λ(rb(ξ)) in a parametric form
Λ(rb) =
Si(rb)
2 +
E2injr
2
b
2Si(rb)
, (32)
Einj(ξ − ξinj) =
∫ rinj
rb
Si(r′)
r′
dr′. (33)
Thus, it has been shown that the electron bunch pro-
file λ(ξ) providing homogeneous accelerating field can be
found for any plasma profile ρi(r).
As the length of the accelerated bunch is limited by the
length of the bubble, we can find the maximum possible
length of the accelerated bunch for any injection point
ξinj using Eq. (33) and setting rb = 0:
∆ξ = 1
Einj
∫ rinj
0
Si
r′
dr′. (34)
Knowing the maximum length of the bunch and the
charge density λ(ξ) in it, we can also calculate the max-
imum total charge of the bunch:
Qmax = 2pi
∫ ξinj+∆ξ
ξinj
λ(ξ′)dξ′ = 2piFi(0, Rb)
Einj
. (35)
It is worth mentioning that total power consumed by such
a bunch and defined by P = QmaxEinj does not depend
on the value of the field Einj. Therefore, by choosing the
injection point ξinj we can balance between a high accel-
eration rate or a high value of the accelerated charge.
It is also worth mentioning that the average charge
density 〈λ〉 of the bunch with the maximum length is
equal to the threshold charge density λth defined by
Eq. (24) for the case of a flat-top bunch. At the same
time, the efficiency of the energy transfer (19) for such
bunch is also equal to 1.
So, the electron bunch profile providing homogeneous
longitudinal electric field in the whole volume of the
bunch and leading to the acceleration with the efficiency
up to 100% has been found for an arbitrary plasma den-
sity profile.
A. Power-law plasma profile
As the first example let us consider plasmas with
the power-law density profile ρi = (r/Rb)n. For these
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FIG. 4. Dependencies of the charge density λ in the accel-
erated bunches on the longitudinal coordinate ξ calculated
using Eq. (36) for different exponents n of the power-law den-
sity profiles. The injection coordinate ξinj = 3, the bubble
maximum radius Rb = 10.
plasmas the function λ(ξ) determined parametrically by
Eqs. (32) and (33) can be found analytically and is
λ(ξ) =
rn+2inj
2(n+ 2)Rnb
− (n+ 2)Einj2 (ξ − ξinj)
+
RnbE
2
inj(n+ 2)
2
1
rnb (ξ)
, (36)
where
rb(ξ) =
[
rn+2inj −RnbEinj(ξ − ξinj)(n+ 2)2
] 1
n+2 (37)
and Einj can be found from Eq. (31).
The bunch profiles determined by Eq. (36) for plasma
profiles with different exponents n are shown in Fig. 4.
This picture shows that the dependence of the charge
density λ on the longitudinal coordinate ξ for such pro-
files is almost linear. In the case of homogeneous plasma
(n = 0) the bunch profile is strictly trapezoidal, while
for n > 0 there is a singularity at the trailing edge of the
bunch caused by the fact that the plasma density reaches
0 at r = 0. This singularity makes it difficult to use the
electron bunch with the maximum length, thus further
limiting the efficiency of the energy transfer. It is also
visible that the total charge in the accelerated bunch is
smaller for deeper channels, i.e. larger values of n.
Fig. 5 shows the bubbles corresponding to the profiles
in Fig. 4 and the longitudinal electric fields in them. This
image demonstrates that the longitudinal field is indeed
homogeneous in the region where the bunch is present.
It is also seen that the presence of an electron bunch sig-
nificantly increases the length of the bubble. Figs. 4 and
5 also demonstrate the fact that the total acceleration
power is much lower for channels with deeper channels
(i.e. with higher values of n), which is also supported by
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FIG. 5. Dependencies of (a) the bubbles boundaries rb and
(b) the longitudinal electric fields Ez in them on the longitudi-
nal coordinate ξ calculated numerically using Eqs. (1) and (5),
respectively, for different exponents n and electron bunches
determined by Eq. (36). The solid, dashed, and dotted lines
correspond to n = 0, 2, 4, respectively. The maximum bubble
radius Rb = 10, the injection coordinate ξinj = 3.
Eq. (35) which for the power-law profiles is written as
Qmax =
1
Einj
piR2b
(n+ 2)3 . (38)
This equation shows that thincreasee product QmaxEinj
equal to the acceleration power rapidly decreases with the
increase of n corresponding to the deepening and widen-
ing of the channel.
B. Plasma with a vacuum channel
Let us consider plasmas with a vacuum channel for
which the plasma density is defined as ρi(r) = θ(rc − r).
In this case the solutions for the electron bunch profiles
providing the homogeneous longitudinal electric field Ez
can be found only numerically from Eqs. (32) and (33);
they are shown in Fig. 6. The shapes of these electron
bunches are again very close to trapezoidal like in the
previous case of the power-law plasma profiles. They also
share the same behavior of having less charge in them for
wider channels.
To check if a uniform accelerating field can be gen-
erated in plasmas with a channel by using an appro-
priate electron bunch we carried out 3D PIC simula-
tions. The results of these simulations are shown in
Fig. 7. We used plasma with a channel with the density
np = 4.5× 1019 cm−3 outside the channel. The bubble
in this plasma was driven by an electron bunch which
had a total charge of 3.2 nC and typical longitudinal and
transverse sizes of 6 µm and 4 µm, respectively. The ac-
celerated bunch had the same typical width while its lon-
gitudinal shape was determined from Eqs. (32), (33). The
energy of the particles in both bunches was 30GeV. The
comparison of the results of these simulations to the an-
alytical solutions in the scope of our model shows good
correspondence between them.
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FIG. 6. Dependencies of the charge density λ in the accel-
erated bunches on the longitudinal coordinate ξ for differ-
ent channel radii rc. The dependencies are calculated numer-
ically using Eqs. (32) and (33). The maximum bubble radius
Rb = 10, the injection coordinate ξinj = 3.
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FIG. 7. (a) The bubble and (b) the time average longitudi-
nal electric field Ez at the axis of the bubble for an electron
bunch with the profile chosen according to Eqs. (32), (33).
The channel radius rc = 1.2pi. Analytical solutions calculated
using Eqs. (1) and (5) are shown with the dashed lines. All
lengths are normalized to λp = 5 µm.
VII. CONCLUSIONS
The equation for the bubble boundary in transversely
inhomogeneous plasmas derived in Thomas et al. 26 is an-
alytically studied. The boundary of a non-loaded bubble
is found for an arbitrary plasma profile. The efficiency
of the energy transfer from the bubble to an arbitrary
accelerated electron bunch is described. When the accel-
erated bunch is flat-top the threshold value of the bunch
charge density which provides maximum efficiency of the
acceleration is found. It is also shown that the artificial
selection of the electron bunch profile can be used to cre-
ate homogeneous longitudinal field in the volume of the
bunch, which is important for increasing the quality of
the accelerated bunch.
The general results are applied to plasmas with power-
law profiles and with vacuum channels. It is shown that
9the increase of the channel size or its depth leads to the
contraction of the bubble and to the decrease of the elec-
tric field gradient in it. For these plasma profiles the pos-
sibility of creating homogeneous accelerating field by the
adjustment of the density profile of the electron bunch is
demonstrated. The shape of these bunch profiles is proved
to be close to trapezoidal.
For the case of a vacuum channel 3D PIC simulations
are carried out. They demonstrate good correspondence
with the predictions of the model both for non-loaded
bubbles and for a bubble with the accelerated bunch pro-
viding homogeneous electric field.
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